ABSTRACT. We define four distinct oriented bivariant theories associated with algebraic cobordism in its two versions (the axiomatic Ω and the geometric ω), when applied to quasi-projective varieties over a field k. Specifically, we obtain contravariant analogues of the algebraic bordism group Ω * (X) and the double point bordism group ω * (X), for X a quasi-projective variety, and covariant analogues of the algebraic cobordism ring Ω * (X) and the double point cobordism ring ω * (X), for X a smooth variety. When the ground field has characteristic zero, we use the universal properties of algebraic cobordism in order to obtain correspondences between these oriented bivariant theories.
INTRODUCTION
This work aims at positioning the algebraic and double point cobordism theories of Levine-Morel [3] and Levine-Pandharipande [4] in a bivariant theory setting. This project was directly inspired by the survey by Schürman and Yokura in [6] , where the problem is presented. The main interest in doing this comes from the added richness provided by an (oriented) bivariant theory: in particular, any such B * (X a universal oriented Borel-Moore homology theory; considering it as part of a bivariant theory, which we call OB2, the corresponding covariant part will be a new oriented BorelMoore homology theory, different from algebraic bordism. The construction of each of the bivariant theories that will be presented starts from OB, defined by Schürman and Yokura in [6] , and from one analogue, called OB ′ , introduced in section 6. OB was in turn inspired by the group of cobordism cycles Z * of Levine and Morel from [3] . Some of our bivariant theories will be obtained by modding OB and OB ′ by relations (of a geometric nature), in the same way as algebraic bordism is constructed from Z * by modding out in succession the dimension, section and formal group law axioms.
This work starts by recalling, in section 2, the definition and properties of FultonMacPherson's bivariant theories that will be used later on. Section 3 presents algebraic bordism and cobordism, when applied resp. to quasi-projective and to smooth varieties over a field k. If the characteristic of k is 0, or if resolution of singularities is at hand, these have precise universal properties among homology and cohomology theories of the same kind.
In section 4, we recall the definition of the universal oriented bivariant theory OB for quasi-projective varieties, and in section 5 we use this theory to define OB1, a bivariant theory whose covariant part is algebraic bordism Ω * for quasi-projective varieties. This definition is done through a generalization of the concept of fundamental class for a smooth . We describe the contravariant theory OB1(X id − → X) for smooth varieties. In section 6, a new bivariant theory is introduced, based on a "dual" version OB ′ of OB, which we call OB2, and whose contravariant part is algebraic cobordism Ω * for smooth varieties. We proceed by deducing the covariant part of OB2 for quasi-projective varieties.
In section 7 we recall Levine-Pandharipande's definition of double point bordism, and the associated double-point cobordism, and in sections 8 and 9 we further the program from sections 5 and 6. Namely, we define a bivariant theory OB3 whose covariant part OB3(X c − → pt) is double-point bordism, and present the corresponding contravariant theory for smooth varieties; and a bivariant theory OB4 whose contravariant part, for smooth varieties, is double-point cobordism, showing the corresponding covariant theory for quasiprojective varieties.
The constructions presented are formal and depend deeply on the definition of bivariant theory. The last, brief section tries to connect the four previous bivariant theories, using the universal properties of the theories of Levine-Morel and Levine-Pandharipande.
A remark on notation: the original definition by Levine-Morel denotes algebraic cobordism by Ω, which encompasses both Ω * and Ω * , and the same happens with double point cobordism ω. We decided to call Ω * (the quotient of the group of cobordism cycles by the axioms of dimension, section and formal group law) algebraic bordism, and save the term algebraic cobordism for Ω * , the "dual" of Ω * . We follow a similar approach for ω: ω * is for us double point bordism and ω * is double point cobordism.
ORIENTED BIVARIANT THEORIES
This section follows Fulton and MacPerson's terminology from [1] .
Let C be a category with a final object and with all fiber products. Distinguish a class of morphisms, which we call confined maps, and a class of fiber squares, called confined squares (which are sometimes also called independent squares). The class of confined maps must contain all identity maps and be closed under composition and base change. The class of confined squares must satisfy two conditions:
/ / Y ′′ with both inner squares confined.
• The product commutes with the pushforward:
• The product commutes with the pullback:
with the top square confined).
• The pushforward commutes with the pullback:
with g and g ′ confined maps and both inner squares also confined).
• Projection: g
• The Chern class operator is compatible with the product:
and any line bundles L 1 over X and L 2 over Y , the following squares are commutative:
Note that, in the above diagrams, Chern class operators denoted by the same symbol may actually be different: for example, in the first diagram for the product compatibility, c 1 (L 1 ) has a different meaning in the two down arrows, although both refer to the same line bundle L 1 over X.
Any bivariant theory B * induces naturally a covariant and a contravariant theory through the corresponding associated functors. Define the covariant graded theory
, which gives a covariant functor if one restricts to confined morphisms (and thus f : X → Y induces a group morphism f * : B i (X) → B i (Y ) by using the pushforward). On the other hand, define the contravariant theory
by using the pullback associated with the square
, which is confined for all f : X → Y ). For each X, B i (X) has actually a structure of graded ring: the product • of the bivariant theory induces a product • :
We can view a bivariant theory as a way to codify and unify two theories, one covariant and one contravariant, in a cohesive and useful package. We will use this formalism when looking for covariant or contravariant versions of algebraic bordism (and cobordism).
ALGEBRAIC BORDISM AND COBORDISM
We start by presenting Levine-Morel's definition of algebraic bordism applied to quasiprojective varieties over a base field k. This is the special case that will interest us in order to get a universal bivariant theory for quasi-projective varieties in the next section, and a bivariant version of algebraic bordism later.
Let X be a quasi-projective variety over the field k. A cobordism cycle for X is given
, where V is a smooth variety, integral over k, h is a projective morphism, and L i are line bundles over V (note that r might be 0). The dimension of one such cobordism cycle is defined as dim k V − r. Two cobordism cycles for X,
give line bundles equivalent to L 1 , · · · , L r (but not necessarily in the same order). Denote an equivalence class of cobordism cycles by
Let Z * (X) denote the free abelian group on the set of equivalence classes of cobordism cycles for X. This is a graded group, the group of cobordism cycles of X.
Forgetting all about line bundles, we get the so-called cycle group of X, M * (X). This is the free abelian group on the set
V is smooth and h is projective}, graded by the dimension of V .
For a smooth variety V , its fundamental class is defined by
, where c is a smooth constant morphism to a point pt.
The algebraic bordism group for a quasi-projective X will be constructed as a quotient of Z * (X) by three relations of geometric flavour.
First, each line bundle L over X defines a first Chern class operator (and thus an orientation) on Z * (X) as a degree-one map c 1 (L) :
Let F L denote the universal formal group law of the Lazard ring L (see [2] and [5] for details). 
Axiom 3.1. (Dimension) If V is a smooth variety, integral over k, and
L 1 , · · · , L r are line bundles over V with r > dim k V , then c 1 (L 1 ) • c 1 (L 2 ) • · · · • c 1 (L r )([V ]) = 0 in Z * (V ).
Axiom 3.2. (Section) If V is a smooth variety, integral over k, L is a line bundle over
V and s : V → L is a section transverse to the zero section of L, then c 1 (L)([V ]) = (i Z ) * ([Z]) in Z * (V ), where Z is defined as s −1 (0) and i Z : Z → V is
the inclusion (which is a closed immersion).
Suppose, for each X, that R * (X) ⊂ Z * (X) is a subset formed by homogeneous elements. Then we can define the quotient Z * /R * , a functor on quasi-projective varieties, as follows. Let R * (X) ⊂ Z * (X) be the subgroup generated by the set
where Y and Z are quasi-projective, f : Y → X is projective, L i are line bundles over Y , g : Y → Z is smooth and equidimensional, and ρ ∈ R * (Z). Define Z * /R * (X) as the quotient group Z * (X)/ R * (X). We say that the functor Z * /R * is obtained from Z * by imposing the relations R * (X) for all X. This construction can be made for any oriented Borel-Moore functor ([3], 2.1.3). This definition allows for the construction of algebraic bordism. This is done sequentially, by modding out each of the previous axioms.
, for X smooth, is defined as the subset of elements of the form
is defined as the subset of elements of the form
where L is a line bundle over V , s : V → L is a section transverse to the zero section and i : Z → V is the closed immersion of the subvariety of zeros of s. Define the algebraic
where X is smooth, L 1 and L 2 are line bundles over X and
is the subset of elements of the form aβ, with a ∈ L * and β ∈ R FGL * (X). Finally, the algebraic bordism group is defined as 
A UNIVERSAL BIVARIANT THEORY FOR QUASI-PROJECTIVE VARIETIES
Yokura and Schürman define a universal bivariant theory in the category V of quasiprojective varieties over a base field k (with no restriction on characteristic) ( [7] [6]). We review their construction here, in order to apply it to a bivariant version of algebraic bordism.
The class of confined maps will be that of proper morphisms, and the confined squares will be precisely all fiber squares.
as the free abelian group generated by the set
This group may be graded using the dimension of W .
Define the three operations of the bivariant theory as follows:
• For the product
Complete the diagram by adding the corresponding fibre squares, in order to obtain
, and extend bilinearly.
• For the pushforward f * :
, and extend linearly.
• For the pullback g
Complete the diagram by filling in the top fibre square, in order to obtain
, and extend linearly. 
This bivariant theory is universal among all similar bifunctors defined on the category of quasi-projective varieties over a fixed field k ([6], Thm 3.3).
A bivariant cobordism cycle for f : X → Y is given by
, where V is a smooth variety, h is a projective morphism, and L i are line bundles over V . The dimension of one such cobordism cycle is defined as dimV − r. Two cobordism cycles
, are said to be equivalent if there exists an isomorphism g :
necessarily in the same order). Denote an equivalence class of cobordism cycles by
The dependence on f is explicit in the notation.
Define OB(X f − → Y ) as the free abelian group generated by the set
is a bivariant analogue of the previous group of cobordism cycles Z * (X) from which algebraic bordism was defined and, as such, one can naturally define a (bivariant) orientation in this context. For each line bundle L over X, the first Chern class operator
will be given by
With this orientation, OB becomes a universal oriented bivariant theory ( [7] , Thm. 3.1).
If we define the degree of
The covariant theory OB * associated to OB is OB * (X) = OB(X c − → pt) ∼ = Z * (X), the previous group of cobordism cycles.
As for the contravariant theory OB * , each OB
, with h smooth and projective, by application of Chern class operators c 1 (L) for all line bundles L over X.
A CONTRAVARIANT VERSION OF ALGEBRAIC BORDISM
To generalize the three axioms present in the definition of algebraic bordism, we start by extending the definition of fundamental class for smooth varieties.
Let X be smooth and X f − → Y be a morphism in V. Define the fundamental class Unraveling the definition further, we get 
Let X be smooth and i Z : Z → X be a closed immersion of a subvariety. Since i Z is proper, we can define the pushforward (i Z ) * :
where Z is defined as s −1 (0) and i Z : Z → X is the inclusion (which is a closed immersion). The Chern class operator c 1 (L 1 ⊗ L 2 ) in the last axiom should be considered as acting
Axiom 5.3. (Formal Group Law) If X is a smooth variety, X
From these axioms, we are now ready to provide a bivariant analogue of algebraic bordism. We will be applying each axiom in succession, and so the result will be a quotient of OB.
Suppose, for each f :
is a subset formed by homogeneous elements. We can define the quotient OB/R * , an oriented bivariant theory on V, as follows.
where f ′ and the outside square are confined, f : Y → X is projective, L i are line bundles over Y , g : Y → Z is smooth and equidimensional, and ρ ∈ R * (Z
As before, we say that OB/R * is obtained from OB by imposing the relations R * (X In order to get OB1 * (X), we will mod this group by R * (X id − → X) for each of the three sets R * (one for each axiom).
The first axiom requires that r must always be at most dim X in each cobordism cycle.
For the second axiom, we calculate first
The bivariant pre-cobordism group in this case will be defined from OB by considering bivariant cobordism cycles where r must always be at most dim X and such that, for all Z and L under the mentioned conditions, we get
For OB1 * (X), we additionally impose (formally) the universal formal group law. (with same definition of equivalence class as before). We can put on M ′ the structure of a bivariant theory. For confined maps, take those f : X → Y such that, for any g : Y → Z, gf smooth implies g smooth. The confined squares will be all fiber squares. Define the three required operations as follows:
Complete the diagram by adding the corresponding pushout squares, in order to obtain
, and extend linearly. Note that f , being confined, implies that hg is smooth. f * should not be viewed as an identity.
, and the diagram We define, for each X f − → Y in V such that X is smooth, a new bivariant theory
The axioms used for our previous bivariant algebraic bordism are considered in this definition but now, contrary to what happened with OB1, OB2 is not directly seen as a quotient of M ′ . It can in a sense be considered as a quotient of OB, as we'll see in section 10.
If X is smooth, we get also
is proper and smooth}
This defines a contravariant functor (by composing on the left), and we can check that OB2(X id − → X) (graded by the dimension of W ) is isomorphic to the algebraic cobordism (ring) Ω * (X). To see this, take a cycle [h :
Since algebraic cobordism was not the contravariant version of the bivariant theory OB1 (when applied to smooth varieties) in the previous section, the covariant version of OB2, given by OB2(X c − → pt), for X smooth, will not be algebraic bordism. We describe this new covariant theory for smooth varieties:
That is, M ′ (V/X c − → pt) = {h ∈ W : W ∈ V} + , the free group on all points of all quasi-projective varieties of V.
This means that we get also
which does not depend on the original X. We can define thus this covariant theory also when X is any quasi-projective variety.
DOUBLE POINT BORDISM AND COBORDISM
Levine and Pandharipande provide in [4] a new construction that results, for any variety X, in a group isomorphic to the algebraic bordism group Ω * (X). This new group is called double point bordism and has a deeper geometric description than the more formal one coming from Ω * . It is done from M * (X) by modding out the double point relations over X.
Recall the definition of the cycle group for any variety X:
V is smooth and h is projective} Let Y be a smooth variety and X any variety, and consider a projective morphism g : Y → X × P 1 such that composition with projection onto the second factor gives a double point degeneration π over 0 ∈ P 1 . If ξ ∈ P 1 is any regular value of π, denote the fiber over ξ by Y ξ . g is called a double point cobordism with degenerate fiber over 0 and smooth fiber over ξ, and has its associated double point relation over X: where p 1 is projection onto the first factor. Denote by R * (X) the subgroup of M * (X) generated by all the double point relations over X, and by ω * (X) the quotient M * (X)/R * (X). ω * (X) is called the double point cobordism group for the variety X. For a smooth variety X, we can, as before, define a contravariant functor ω * that gives ω * (X) = ω * −dimX (X), which is called the double point cobordism ring for X (and which will of course be isomorphic to the algebraic cobordism ring Ω * (X)).
A CONTRAVARIANT VERSION OF DOUBLE POINT BORDISM
In this section, we generalize the double point relations to a bivariant setting, in order to get a contravariant analogue to double point bordism.
Recall that, for each morphism X If X is smooth, each [h :
